I. INTRODUCTION
Developments in the last five decades have made it clear that in displacement processes in which a viscous fluid such as water displaces a more viscous fluid such as oil, the mobility jump across an interface between two such fluids renders the interface unstable to hydro-dynamical perturbations. The ensuing fingering and side-branching instabilities are now generally viewed as some of the primary causes of early breakthrough resulting in poor displacement efficiency of secondary oil recovery. This creates the need for the stabilization of such displacement processes which can be achieved by reducing the growth rates of unstable waves. It is now a well established fact from basic stability results (see Ref. 16 ) that this requires reducing the mobility contrast between the displaced fluid (oil) and the displacing fluid by increasing the viscosity of the displacing fluid. This is done using polymer in water and using the resulting aqueous phase (to be called polysolution henceforth) as a displacing fluid instead of water. Flooding the reservoir first using such a polysolution phase and then followed by water has become a traditionally accepted solution to the stabilization problem. This method of flooding, called "polymer flooding," is one of the chemical Enhanced Oil Recovery (EOR) methods. Polymer flooding has been studied extensively in the laboratory, tested widely in the field, and mathematically modeled, analyzed, and simulated (see Refs. 11, 19, and 21) .
The literature on the practice of polymer flooding is vast. In general, polymer-flooding as discussed above has three layers (or regions) of these phases (oil, polysolution, and water) to a) Author to whom correspondence should be addressed. Electronic mail: prabir.daripa@math.tamu.edu
II. PRELIMINARIES
We consider two-dimensional fluid flows in a three-layer homogeneous porous media (see Figure 2 ) within Hele-Shaw model meaning the interfaces are treated as immiscible and Darcy's law is allowed to hold as in flows in a Hele-Shaw cell. In the leftmost layer, −∞ < x ≤ −L, the fluid has a constant viscosity µ l . The rightmost layer extends from x = 0 up to x = ∞ and is characterized by constant viscosity µ r . The middle layer is of length L and contains a fluid of variable viscosity µ(x) such that µ l ≤ µ(x) ≤ µ r . The fluid in this middle layer is immiscible with the fluids in the other two layers. For the purpose of application to EOR by chemical flooding, this fluid may be taken to be a polysolution (an aqueous phase containing polymer) having a concentration profile of polymer. The right interface, separating the middle and the right-most fluid layers, has an interfacial tension T 0 , and the left interface, separating the middle and the left-most fluid layers, has an interfacial tension T 1 . The fluid upstream at x = −∞ has a velocity (U, 0). The governing equations are the continuity equation, Darcy's law, and, assuming no mechanical dispersion, an advection-diffusion equation for the concentration of polymer,
∂c ∂t
where ∇ = ( /12 where b is the width of the gap between the plates. Both interfaces are governed by both kinematic and dynamic boundary conditions. However, we consider two different conditions for the concentration of polymer at the interfaces. First, we will consider a no-flux boundary condition at the interfaces, which is appropriate if the interfaces are impermeable (see Fig. 1 ). Then, we will consider Dirichlet boundary conditions in which the concentration of polymer is held constant at each interface (see Fig. 3 ). Such an interface would necessarily need to be permeable, allowing the proper amount of polymer to flow through each interface to keep the concentration fixed. For simplicity, we will henceforth refer to these interface conditions as permeable and impermeable even though the term permeable in itself does not imply that the concentration of polymer is fixed at each interface.
A. Impermeable interfaces
First, we develop the stability equations for the case of no-flux boundary conditions. The above systems (1)-(3) admits a simple basic solution, namely the whole fluid set-up moving with speed U in the x direction and the two interfaces, namely the one separating the left layer from the middle-layer and the other separating the right layer from the middle-layer, are planar, i.e., parallel to the y-axis. The concentration profile in the middle layer is taken to be a function of x only and satisfies Equation (3) . The pressure corresponding to this basic solution is obtained by integrating (2) . In a frame moving with velocity (U, 0), the set-up corresponding to the above basic solution is stationary along with two planar interfaces separating these three fluid layers. Here and below, FIG. 3 . Dirichlet permeable interfaces: Concentration of polymer at each of the two interfaces in the middle layer is held fixed.
with slight abuse of notation, the same variable x is used to refer to the x-coordinate in the moving reference frame. This is also necessary in order to preserve continuity of notation used in Refs. 12 and 13 which facilitates comparison of results obtained in this paper (which has diffusion) with those in Ref. 13 (which has no diffusion).
We scale the variables by the characteristic length L and the characteristic velocity U. Additionally, we scale the viscosity by the viscosity, µ r , of the leading fluid. With a slight abuse of notation, below we use the same notations for dimensionless variables as for dimensional variables. The dimensionless system in the moving frame is ∇ · u = 0,
with interfaces at x = −1 and x = 0 where Pe = U L/D 0 , Ca = U µ r /T 0 , K * = K/L 2 , x = η( y,t) is the position of an interface, T is the interfacial tension at the interface, [p] denotes the jump in pressure across the interface,n is the normal vector to the interfaces, and ∂/∂n is the normal derivative across the interface. Equations (4) 1 through (4) 3 hold in −1 < x < 0 and (4) 4 through (4) 6 hold at each of the two interfaces with interfacial tension T = T 0 at x = 0 and T = T 1 at x = −1.
The basic solution to (4) is (u = 0, v = 0, p 0 (x,t), c 0 (x,t)), where p 0 (x,t) is obtained by integrating (4) 2 . The interfaces remain planar at x = −1 and x = 0. We take the initial condition for the concentration profile, c 0 (x, 0), to be a linear function. This is for easy comparison with the case of Dirichlet boundary conditions, as will be evident later (see Section II B). For t > 0, the basic concentration profile is governed by the following problem:
separation of variables, the solution to this equation can be written as
where the coefficients a n come from expanding the initial condition in terms of a cosine series
a n cos(nπx).
The viscosity µ inside the middle layer is a function of concentration. We denote µ 0 = µ(c 0 ). We perturb this basic solution by ( u, v,  p,  c). We decompose the disturbances into Fourier modes in the y-direction and write them as
Using this ansatz in Equations (4) 1 -(4) 3 , and
We now investigate the boundary conditions of the eigenvalue problem given by (7) and (8) . Consider a planar interface at x = x 0 that is perturbed by  η( y,t). Using the boundary condition (4) 4 , linearizing about the disturbances, and using the ansatz (6)
Using the linearized form of the boundary condition (4) 5 and the ansatz (6)
where the superscripts "+" and "−" denote the limits from the left and the right, respectively. We first investigate this interface condition at x 0 = −1. Integrating (9), we have  η = A(t)e i k y where
Using (11) in (10) and taking into account the far-field boundary condition at x = −∞,
where
For the interface condition at x 0 = 0, we integrate (9) and get  η = B(t)e i k y , where
Using (14) in (10),
If the interfaces are impermeable, there is a no flux condition for the concentration of polymer at the interfaces. Recall that this is given by
Using the ansatz (6) and the expression for  η at each interface and linearizing with respect to the disturbances,
Collecting Equations (7), (8) , (12) , (15) , and (17), the system of equations for impermeable interfaces is
Note that Equations (18) 1 and (18) 2 depend on time through µ and c. We have dropped the subscript "0" from µ and c, and we have dropped all superscripts.
If at some fixed time t, there is a number σ(t) such that the functions h(x,t), A(t), and B(t) satisfy
then by plugging (19) into (18) , ( f , h, σ) is a solution to the following eigenvalue problem:
Therefore, the eigenvalues of system (20) are the time-dependent growth rates of the disturbances for our problem.
B. Permeable interfaces
We now consider the case in which the concentration of polymer is fixed at each interface. This condition is given by
where b i is a constant for each interface. The main difference between this case and the previous one is that this boundary condition admits a basic solution which is steady. In particular, the fluid moves with speed U in the positive x direction, the fluid interfaces are planar, and the concentration of polymer is a linear function. In this case, the analysis above holds for Equations (20) 
where a = b 2 − b 1 . The eigenvalue problem that governs the stability for fixed concentration on the boundaries is then given by
Note that in this case, the function µ does not depend on time because the basic solution is steady. Therefore, the system is autonomous and the eigenvalue σ does not depend on time. Taking into consideration Equation (19) , the disturbances will grow exponentially proportional to e σt .
III. FOURTH ORDER EIGENVALUE PROBLEM
It is often convenient, both numerically and analytically, to eliminate the function h from the system (20) or (23) and consider a single equation for the function f . This equation depends on the relationship between the viscosity µ and the concentration of polymer c. We assume that µ is a linear function of c, which is reasonable to assume for small c. This assumption was made implicitly in Refs. 14 and 15, but we make this dependence explicit here. We do this process for both sets of boundary conditions.
A. Impermeable interfaces
We start by considering the case of no-flux boundary conditions. Solving Equation (20) 
Plugging (24) into (20) 2 and denoting λ = 1/σ, we arrive at the fourth order eigenvalue problem
Note that in the limit Pe → ∞, this becomes
This is the non-dimensional form of the equation derived in the absence of diffusion in Ref. 4 . Four boundary conditions are necessary for this fourth-order eigenvalue problem. Two of them are (20) 3 and (20) 4 . The other two come from (20) 5 and (20) 6 . Using expression (24) in the boundary condition (20) 5 ,
Likewise, using expression (24) in the boundary condition (20) 6 , we get
Collecting Equations (25), (20) 3 , (20) 4 , (27) , and (28),
B. Permeable interfaces
For fixed concentration of polymer at the interfaces, there are two major changes from the previous case. The first change is the last two boundary conditions, (29) 4 and (29) 5 . The corresponding boundary conditions are found by using expression (24) in the equations given by (23) 5 and (23) 6 . This gives
and
The second change from the previous case is that the function µ(x) is linear, since we assumed µ is a linear function of c and the basic concentration profile is linear. Therefore, all higher derivatives of µ in Equation (29) are zero. Therefore, the eigenvalue problem which governs the growth rate of disturbances is
IV. RESULTS AND DISCUSSION
In order to investigate the stabilizing effect of diffusion, computations are performed with various values of parameters which can be found in various figure captions below. For certain parameters, their values are kept fixed in all simulations. These are µ l = 0.2, µ r = 1, Ca = 10 −3 , K * = 10 −4 , and T 1 /T 0 = 1. Computations have also been performed with other values of these parameters but the conclusions that follow remain unchanged. In Secs. IV A and IV B, σ max refers to the maximum growth rate over all wavenumbers, k. All computations are done using a pseudo-spectral method. Details of the numerical method as well as some results related to its validation can be found in the Appendix.
A. The case of fixed concentration on the interfaces (permeable interfaces)
First, we consider the numerical results obtained using the condition of fixed concentration of polymer on the interfaces. We start with this case because the results are simpler to explore due to the time independence of the eigenvalue problem. In keeping with the assumptions of Refs. 14 and 15, we assume that µ is a linear function of c, which is reasonable in the dilute regime. We have also considered the case in which µ depends exponentially on c, as is done in Refs. 27 and 28, but have found that the general trends and conclusions remain the same. Therefore, we only present the results for a linear relationship between viscosity and concentration of polymer. Since µ is a linear function of c and the basic concentration profile is a linear function of x, µ is also a linear function of x.
System (32) is solved for the eigenvalues λ. The eigenvalues are then inverted to find σ = 1/λ. The values of σ computed in this case could be complex, but we are interested only in the real part, σ R , which measures the growth rate of disturbances. Below, all references to growth rate mean the real part σ R of σ and these are denoted by σ itself, with slight abuse of notation. Note that for each wavenumber k, there are an infinite number of eigenvalues and therefore an infinite number of values of σ. For the purpose of linear stability analysis, we are mainly concerned with the largest value of σ R for each wavenumber. Therefore, all figures below include only plots of the largest The maximum growth rate σ max (µ(x), Pe) depends on the viscous profile µ(x) as well as on the Peclet number Pe. The linear viscous profile is characterized by two parameters, µ(0) and µ(−1), with the restriction µ l ≤ µ(−1) ≤ µ(0) ≤ µ r . Keeping these two parameters fixed at values µ(−1) = 0.408 and µ(0) = 0.552, corresponding to the infinite Peclet number (zero diffusion) optimal profile (see Figure 9 ) having σ max = 0.360 39, σ max is computed for different finite values of Pe. Figure 4 (a) shows the plot of σ max versus 1/Pe with the viscous profile above it. From this figure we conclude that the effect of the diffusive stabilization is monotonic. However, the decrease in σ max is gradual in this case.
In order to see a more dramatic effect from diffusion, we consider viscous profiles with larger gradients. Figure 4 (c) denotes the value of σ max in the absence of diffusion. Note that the decrease in σ max as the strength of diffusion increases is much greater for larger viscous gradients. In fact, the flow is almost stable for Pe < 35 when µ(−1) = 0.28 and µ(0) = 0.92.
One thing to note is that the plots in Figures 4(b) and 4(c) each have a point at which the slope of the curve is discontinuous. We will refer to this point as the turning point. In Figure 4 (b), the turning point is subtle, but is found inside the (blue online) circle. For Figure 4 (c), it occurs when σ max nears zero. We now investigate the turning point in order to shed light on the physical processes at play. Notice from the viscous profiles that in these two cases the jumps in viscosity at the interfaces are smaller than in Figure 4 (a), but the slope of the viscous profiles has increased. The first of these phenomena works to stabilize the flow while the second works to destabilize it.
To understand the contributions of the instability of the interfaces due to jumps in viscosity and the instability of the middle layer due to a viscous gradient in the layer, we consider three different sets of values for µ(−1) and µ(0) when there is no diffusion (i.e., Pe = ∞). Figure 5 shows plots of Figure 4 (a). The viscosity jumps are similar to those found in the constant viscosity case in Figure 5 (a), but there is now instability within the middle layer due to the viscous gradient in the layer. As we can see in Figure 5 (b), there is still a peak near k = 1, but, in contrast to Figure 5 (a), the short waves are not stable. In fact, as the wavenumber k increases to infinity, the value of σ in Figure , there is a local maximum near k = 1 which can be attributed to the instability of the interfaces. However, this is small compared to the short wave instability which comes from the middle layer. Because the viscosity increases more rapidly in the middle layer, the instability due to the middle layer is largest in this case. When diffusion is added to the system, the growth rate decreases. However, the decrease is more pronounced for short waves, due to the fact that the diffusion affects only the middle layer and not the interfaces. This effect is clearly illustrated by Figures 6 and 7. Figure 6 shows plots of the maximum value of σ versus k when µ(−1) = 0.408 and µ(0) = 0.552 for three different values of Pe. Recall that the plot for this viscous profile with Pe = ∞ is given in Figure 5 (b). Notice in Figure 5 (b) that the large k limit is approximately equal to the peak near k = 1 (which is due to the interfacial instability). This balance is the reason this is the optimal viscous profile for Pe = ∞. Figure 6 (a) uses Pe = 1000. Note that the peak near k = 1 remains and has only been slightly decreased. However, the short waves have now been stabilized by diffusion, adding a second maximum in the dispersion curve at a larger value of k. This behavior continues for Figures 6(b) and 6(c) which correspond to Pe = 100 and Pe = 10, respectively. The stabilization from diffusion is drastic for short waves, but mild for long waves.
This behavior shows why the case where the viscous profile is steeper is stabilized much more drastically by diffusion than when the profile is less steep. Figure 7 shows plots of the maximum value of σ versus k for the same three values of Pe but for a steeper profile with µ(−1) = 0.36 and µ(0) = 0.68. Recall from Figure 5 (c) that the short wave instability of the middle layer dominates in the absence of diffusion. However, the addition of diffusion, even mild diffusion, stabilizes short enough waves, as we see in Figure 7 (a) when Pe = 1000. Here, there is a second local maximum near k = 9 and this maximum value is already much smaller than the large k limit for Pe = ∞ (given by the dotted line in Figure 5 (c)). From Figures 7(b) and 7(c), we see that as Pe decreases, the short waves become more stabilized until the local maximum that occurs due to the interfacial instability (long waves) overtakes the local maximum due to the middle layer instability (short waves). Figure 7 (c), which uses Pe = 10, shows the case when the interfacial instability dominates. This maximum is much smaller than the one in Figure 6 (c) because the viscous jumps at the interfaces are much smaller in this case.
The last issue to address with regard to this example is the turning point in the plot of Figure 4 (b). The turning point represents the point at which the diffusion has stabilized the middle layer so that the two local maxima are the same. For the case µ(−1) = 0.36 and µ(0) = 0.68 (the data used in Figure 4 (b)), this occurs when Pe = 161. We plot the maximum value of σ versus k for this value of Pe in Figure 8 .
The behavior that we have seen to this point shows that diffusion stabilizes flows with highly unstable middle layers more than it stabilizes flows with highly unstable interfaces. Therefore, we expect that for larger diffusion, it would be advantageous to have flows that have a larger viscous gradient in order to minimize the instability of the interfaces. This is what we show next.
For any specific choice of Pe, σ max is computed for all possible values of µ(−1) and µ(0), which characterize linear viscous profiles of the middle layer. The square grid mesh in Figure 9 (this is a color plot online) shows the maximum growth rate σ max corresponding to µ(−1) and µ(0) for four values of the Peclet number Pe. The value of σ max for each cell can be read from the color bar according to the color of the grid cell. The coordinates of each cell give the values µ(0) and µ(−1). The plot corresponding to Pe = ∞ shows that the optimal viscous profile in this case (recall that this is µ(−1) = 0.408 and µ(0) = 0.552) has a relatively small viscous gradient in the middle layer. However, as diffusion increases, the optimal profile has a larger viscous gradient. For Pe = 10, the optimal profile has no viscous jump at the interfaces and the flow is almost completely stabilized by strong diffusion. Using data from these simulations, the optimal profile for which the σ max takes its minimum value is found for several values of Pe. Notice that choosing the optimal profile for a given value of Pe greatly increases the stabilizing effect of diffusion.
As mentioned above, as the diffusion increases, the slope of the optimal viscous profile also increases. To see this dependence, we plot the slope of the optimal viscous profile (given by µ(0) − µ(−1)) versus 1/Pe in Figure 10 (b). Note that, in general, the optimal viscous profile becomes more steep as the strength of diffusion increases. There is a small region in Figure 10 (b) near 1/Pe = 0.015 in which the slope of the viscous profile does not increase monotonically with the strength of diffusion. This goes against our expectations and we currently have no physical explanation. Also note that since µ(0) < µ r = 1 and 0.2 = µ l < µ(−1), the maximum value of the slope is 0.8. When 1/Pe > 0.04, the optimal viscous profile takes on this value.
In order to determine the optimal viscous profile above, the value of σ max has been found for all possible linear viscous profiles. In the absence of diffusion, some principles have been formed for determining the optimal viscous profile without an exhaustive search. 8, 7, 10, 22 In Refs. 8 and 10, selection principles for optimal viscous profiles are determined through a numerical study for three and four layer flows, respectively. In Ref. 7 , a simple and fast method for choosing the optimal viscous profile is given based on upper bounds on the growth rate. In Ref. 22 , a class of optimal viscous profiles is determined analytically under some additional assumptions. No similar results exist for determining the optimal viscous profile a priori in the present case. This is an open problem.
Regarding stability of three-layer immiscible flow to infinitesimally small perturbations, several interesting and useful inferences can be drawn from Figures 4(a)-4(c), 9, 10(a), and 10(b) such as (i) increasing the strength of diffusion increases the stabilization for the same viscous profile which may be considered by some as a classic result; (ii) significantly enhanced stabilization can be achieved by a proper choice of viscous profile without changing the Peclet number (compare Figures 4(a) and 10(a)); (iii) even very mild diffusion can drastically stabilize an otherwise unstable flow provided the viscous profile is carefully chosen. In Figure 10 (a), we see that σ max ≈ 0.05 when 1/Pe ≈ 0.017 for the optimal viscous profile, an approximate seven-fold decrease from the same for the zero diffusion case resulting in a seven-fold gain in stabilization; (iv) there exists a range of viscous profiles for which the flow is almost completely stable, even for modest values of Peclet number (see the blue region in the bottom right corner of Figure 9 with Pe = 10); (v) at 1/Pe = 0.04 (see Figure 10(a) ), σ max ≈ 0 suggesting that the flow is neutrally stable to infinitesimal perturbations with a large enough value of diffusion and the corresponding optimal viscous profile. However, the flow could still be unstable to finite amplitude perturbations.
B. The case of no-flux through the interfaces (impermeable interfaces)
Next, we consider the growth rate when the interfaces are impermeable. Recall that for impermeable interfaces, the viscous profile of the middle layer depends on time. We use a quasi-static approximation, i.e., we consider the stability with time t frozen at different time levels.
We start by investigating the effect of diffusion at time t = 0. In order to compare with the previous results, we consider an initially linear concentration profile. Since viscosity depends linearly on concentration, µ(x) is also a linear function. In Figure 11 (a), we plot σ max versus 1/Pe for three different linear viscous profiles. Plots of the viscous profiles are found in Figure 11(b) . The solid line in Figure 11 (b) corresponds to a viscous profile with µ(−1) = 0.408 and µ(0) = 0.552. In the absence of diffusion, this is the optimal viscous profile and was used in Figure 4(a) . Although difficult to see from the scale of Figure 11( 
As was done in the case of permeable interfaces, the optimal viscous profile for different values of Pe can be explored for time t = 0 in the case of impermeable interfaces. In Figure 12 , the optimal linear viscous profiles are found for Pe = 1000, Pe = 100, and Pe = 10 by computing σ max for all possible linear viscous profiles. Similar to the case of permeable interfaces, the optimal viscous profile is steeper when Pe is smaller. This is seen in Figure 12 by the fact that the minimal value of σ max moves down and to the right as Pe is decreased. Note from the scale of σ max in these plots that the value of σ max for the optimal viscous profile when Pe = 10 is significantly smaller than the value of σ max for the optimal viscous profile when Pe = 1000 or Pe = 100 which further demonstrates the strong stabilizing effect of diffusion.
Next, we consider the effect of diffusion over time. In order to simplify the results, we consider an initially linear viscous profile with µ(−1) = 0.28 and µ(0) = 0.92. As time elapses, the basic concentration profile evolves according to Equation (4) 3 . Since the viscosity depends linearly on the concentration, the viscous profile evolves accordingly. As is the case when t = 0, increasing the strength of diffusion results in a reduction in the growth rate for mild diffusion. However, in the presence of diffusion, the long-time limit of the initial concentration profile is a constant concentration profile, which leads to large viscous jumps at the interfaces. When diffusion is strong, the concentration approaches this limit more quickly. These competing effects result in a more complicated picture of the effect of diffusion at later times. In Figure 13 (a), σ max is plotted versus 1/Pe for four different times. The beginning part of the dotted curve corresponding to t = 0 is a repeat of the dotted curve found in Figure 11 (a). In that case, σ max is a strictly decreasing function of 1/Pe, meaning that an increase in diffusion always makes the flow less unstable. However, for all other times, σ max is a decreasing function when 1/Pe is small, but then σ max achieves a global minimum for some value of Pe and thereafter σ max becomes an increasing function of 1/Pe with a finite asymptotic limit. The optimal value of Pe, that is, the one which minimizes σ max , is an increasing function of time. Based on the minimums of the curves in Figure 13 (a), the optimal value of Pe is 11.72 when t = 0.5, 16.92 when t = 1, and 28.82 when t = 2. The resulting viscous profiles obtained from using these optimal choices of Pe at each of the corresponding times are plotted in Figure 13 (b). So, for example, the solid curve is obtained by plotting the basic concentration profile at time t = 0.5 when Pe = 11.72. Although the strength of diffusion decreases for later times, the viscous profile is still less steep for later times. Finally, we focus on one specific value of Pe and investigate the behavior of σ max over time. We will again consider a basic concentration profile which is initially linear and results in an initial viscous profile with µ(−1) = 0.28 and µ(0) = 0.92. We use Pe = 10. Figure 14 given by the symbol "*" (red online) in Figure 4 (c) (the value of which is σ max = 2.271 49). Clearly, diffusion has a large stabilizing effect. Figure 14 (b) shows how the viscous profile evolves from time t = 0 to t = 1. Notice that as time increases, so do the jumps in viscosity at the interfaces, since µ l = 0.2 and µ r = 1. That leads to the increase in σ max that we see in Figure 14 (a). In the limit t → ∞, the viscous profile becomes constant. Since no polymer leaves the middle layer of fluid, this constant viscous profile is µ(x) = 0.6. The constant viscosity case is well-studied (see Refs. 4-6 and 9), and the maximum growth rate using these parameters is σ max = 0.4103. This limiting value is shown by the dotted line in Figure 14 (a).
C. Comparison of permeable and impermeable interfaces
We now recap the numerical results of Sections IV A and IV B with a comparison of the two types of interfaces. The main similarity between an impermeable and a permeable interface is that diffusion has a stabilizing effect and the effect is greater for steeper viscous profiles. This can be seen in Figures 4 and 11 . However, there are some major differences between the two types of interfaces. In particular, the basic flow is time-independent for permeable interfaces but time-dependent for impermeable interfaces. Because of the time-dependent basic state for impermeable interfaces, increasing diffusion does not necessarily maximize stabilization at later times (see Figure 13(a) ). This stands in contrast to the case of permeable interfaces in which increasing diffusion always enhances stability (see Figure 4) .
In order to provide further comparison, we provide the dispersion relations for permeable and impermeable interfaces at four different Peclet numbers in Figure 15 . In order to have a direct comparison, we consider the same initial viscous profile -a linear profile with µ(−1) = 0.36 and µ(0) = 0.68-at all four Peclet numbers and for both types of interfaces. The viscous profile remains the same for the case of permeable interfaces but changes with time for the case of impermeable interfaces. Therefore, the growth rate is considered at three different times for impermeable interfaces. When Pe = ∞ (zero diffusion case), these two cases coincide and the dispersion relation is given by the top left figure. The dotted (red) line is the limiting value of σ as k → ∞. Notice several features: (i) for each type of interface, higher values of diffusion are more stabilizing globally as measured by σ max and also locally or modally, i.e., for each wavenumber k. This is not surprising! (ii) The stabilizing effect of diffusion on the flow is greater with permeable interfaces than with impermeable interfaces. In particular, we see that the stabilizing effect is more pronounced with permeable interfaces for long waves. However, impermeable interfaces (see plots for Pe = 100 in Figure 15 ) can be more effective in suppressing the instability of short waves at later times because the initially linear viscous profile becomes less steep as time passes. Therefore, permeable interfaces are more effective for stronger diffusion or viscous profiles that are not very steep while impermeable interfaces are more effective for a steep profile and mild diffusion.
V. DISPERSION
In order to include the effect of mechanical dispersion, we replace the dimensional equation (3) with
where D is the dispersion tensor. Note that if D is equal to D 0 I, this reduces to the pure diffusion case, namely to Equation (3). However, we now consider the case in which D has different components in the longitudinal and transverse directions, each of which depend on the velocity. These are denoted by D L (u) and D T (u), respectively. Then the tensor D can be written as
where D L (u) and D T (u) will be defined later (see Equation (38)). In order to be consistent with the previous analysis which is done with no mechanical dispersion (see Section II), we consider a moving frame with velocity U in the positive x direction. We scale our equations using L as the characteristic length and U as the characteristic velocity. With a slight abuse of notation, below we use the same notations for dimensionless variables as for dimensional variables. The dimensionless equation in the moving frame is
The basic solution is for all the fluid to move in the positive x direction with velocity U. Therefore, in the moving frame, the velocity is (u, v) = (0, 0). If we require that the basic concentration profile c 0 (x,t) be independent of y, then from Equation (35),
Plugging into Equation (35) and linearizing with respect to the disturbances,
The above equation holds for any expression for D L and D T as long as they depend on the velocity. Therefore, it can be easily used with any of the available models for dispersion in the literature. Here, we use a common model for porous media, which is used in Ghesmat and Azaiez 18 and Ferreira et al. 17 The dispersion is given by
Using (38) in (37),
where γ = a L /L is a measure of the strength of longitudinal dispersion. Using the ansatz (6) for the disturbances, Equation (39) becomes
Therefore, with impermeable interfaces and dispersion, the eigenvalue problem which governs the growth of disturbances is (20) with (20) 2 replaced by
For the case of permeable interfaces, recall that the basic concentration profile is time independent and also linear with respect to x. Therefore, the eigenvalue problem for permeable interfaces is (23) with (23) 2 replaced by
A. Fourth order eigenvalue problem
In order to get a single, fourth-order eigenvalue problem that accounts for dispersion, we use Equation (24) in Equation (41) for impermeable interfaces and in Equation (42) 
where γ = a L /L which is a measure of longitudinal mechanical dispersion. When a L = a T (i.e., when ϵ = 1), mechanical dispersion is isotropic. For permeable interfaces, µ is a linear function of x so all higher order derivatives of µ are zero. Therefore, the fourth-order eigenvalue problem is
B. Numerical results: Permeable interfaces
We now consider some numerical results with the dispersion model introduced above. To understand some of these results, it is important to understand the relationship between Pe and Pe * . Notice that Equations (41) and (42) are similar to Equations (20) 2 and (23) 2 but with Pe replaced by Pe * . These two quantities are related in the following way:
The other two relevant parameters in this study are γ = a L /L, which is the strength of longitudinal dispersion, and
, which is the ratio of transverse to longitudinal dispersion. When ϵ = 1, the dispersion is isotropic and γ gives the strength of dispersion in both the longitudinal and transverse directions. If ϵ = 1 and γ = 0, then there is no mechanical dispersion and the problem reduces to the one studied in Section IV. We start by considering the case of permeable interfaces. In Figure 16 we consider a linear viscous profile with µ(−1) = 0.36 and µ(0) = 0.68, and we plot σ max versus 1/Pe to compare the cases of diffusion (with no mechanical dispersion) and dispersion. For the dispersion case, we use ϵ = 1 (isotropic dispersion) and γ = 0.01 (which corresponds to very small mechanical dispersion). Notice that dispersion has a stabilizing effect and that this effect is especially strong when diffusion is mild. This is because when Pe is very large, Pe * ≈ 1/γ. Therefore, as 1/Pe → 0 and the effect of diffusion is lost, 1/Pe * → γ and the terms in the equation that are multiplied by 1/Pe * still have an effect on stability. 
Next, we consider the respective roles of transverse and longitudinal dispersion. In Figure 17 we again plot σ max versus 1/Pe but this time for different amounts of transverse and longitudinal dispersion. In Figure 17 (a), the strength of the longitudinal dispersion pointwise is held constant at γ = 0.01 while the ratio of transverse to longitudinal dispersion, ϵ, is varied. When diffusion is mild (i.e., 1/Pe is small), the flow becomes more stable with increasing ϵ, i.e., with increasing transverse dispersion, but for strong diffusion, the trend is reversed. Recall from Section IV that short waves dominate the instability when diffusion is mild while long waves dominate the instability when diffusion is strong (see Figure 7) . Increasing the strength of transverse dispersion has the effect of stabilizing short waves but has a destabilizing effect on long waves. Therefore, increasing the strength of transverse dispersion is stabilizing in the regime where short wave instability dominates (mild diffusion) and destabilizing when long wave instability dominates (strong diffusion). This point is illustrated by Figure 18 . In Figure 18 (a), the dispersion relations are plotted for Pe = 1000 and for the same three values of ϵ that were considered in Figure 17 (a). When Pe = 1000, ϵ = 0.2 is the most unstable because the shorter waves (k ≈ 6) are most unstable. Figure 18 In Figure 17 (b), we consider the extreme cases of zero longitudinal dispersion but non-zero transverse dispersion (a L = 0, a T /L = 0.01) and zero transverse dispersion but non-zero longitudinal dispersion (a T = 0, a L /L = 0.01). In each case, γ and ϵ are chosen so that a T /L = 0.01 or a L /L = 0.01 as mentioned above. For most values of Pe within the range plotted, the presence of only longitudinal dispersion is more stabilizing than the presence of only transverse dispersion. The exception occurs only for very mild diffusion. This is because, as discussed above, longitudinal dispersion has a more stabilizing effect on long waves and transverse dispersion has a more stabilizing effect on short waves. For this particular choice of viscous profile, the long waves are most unstable except for very mild diffusion. Therefore, longitudinal dispersion is more stabilizing for all but this extreme case. This point about long and short waves can again be illustrated by looking at the dispersion relations for several different values of Pe. In Figure 19 , these dispersion relations are plotted for Pe = 1000 and Pe = 100. In both cases, longitudinal dispersion (solid line) is more stabilizing for long waves and transverse dispersion (dotted line) is more stabilizing for short waves.
C. Numerical results: Impermeable interfaces
We now turn our attention to the effect of dispersion when the interfaces are impermeable. In order to provide an easy comparison with permeable interfaces, we consider the stability at time t = 0 with a linear viscous profile that has µ(−1) = 0.28 and µ(0) = 0.92. In Figure 20 versus 1/Pe for the case where there is only diffusion and also when there is dispersion. We use the same amount of dispersion in both the longitudinal and transverse directions (ϵ = 1 and γ = 0.01). For mild diffusion, the flow is more stable when there is dispersion. However for strong diffusion, dispersion has a destabilizing effect. As in Sec. V B, the difference can be attributed to short and long wave behavior. When diffusion is mild, the short wave behavior dominates the instability and when diffusion is strong, the long wave behavior dominates. Dispersion has the effect of stabilizing short waves and destabilizing long waves. This point is illustrated in Figure 21 in which we plot σ versus k for two different values of Pe. In both cases, the dispersion stabilizes short waves and destabilizes long waves. However, when Pe = 100, the maximum value of σ occurs for shorter waves and when Pe = 50 the maximum value of σ occurs for longer waves. Finally, we consider the relative effects of longitudinal and transverse dispersion when the interfaces are impermeable. We consider a linear viscous profile with µ(−1) = 0.28 and µ(0) = 0.92 in Figure 22 . In Figure 22(a) , the strength of the longitudinal dispersion is held constant at γ = 0.01 and the relative strength of the transverse dispersion is changed. Increasing transverse dispersion has a stabilizing effect. In Figure 22(b) , we consider the cases with only longitudinal dispersion and only transverse dispersion, respectively. For flows with impermeable interfaces, having only transverse dispersion is more stabilizing. 
D. Comparison of dispersion for permeable and impermeable interfaces
In Sections V B and V C, dispersion is found to have a very different effect for the two types of interfaces considered. For permeable interfaces, dispersion is stabilizing (see Figure 16 ) for all values of diffusion. This is also true for other viscous profiles which we do not show here because of space constraints. The stabilizing effect, as can be seen from this figure, is more dramatic for the case of mild diffusion but less so when diffusion is strong. For impermeable interfaces, dispersion can be stabilizing or destabilizing (see Figure 20) depending on the viscous profile and the strength of diffusion. The figure shows that dispersion is stabilizing for mild diffusion and destabilizing for strong diffusion. Figure 21 shows a typical case in which dispersion is stabilizing for milder diffusion (corresponding to Pe = 100) but destabilizing for stronger diffusion (corresponding to Pe = 50). This behavior usually holds for other initial viscous profiles as well. Several observations can be made from Figure 21 about the stabilizing effect of dispersion with impermeable interfaces. Dispersion is stabilizing for short waves and destabilizing for long waves. The crossover from destabilizing to stabilizing in Fourier space takes place at a wave number which increases with the strength of diffusion (i.e., with decreasing Peclet number). In general, the short wave instability dominates when dispersion is stabilizing (see Figure 21(a) ) and the long wave instability dominates when dispersion is destabilizing (see Figure 21(b) ).
The two types of interfaces also behave differently with respect to longitudinal and transverse dispersion. For permeable interfaces, changing the strength of transverse dispersion while keeping longitudinal dispersion fixed can be stabilizing or destabilizing depending on the strength of diffusion (see Figure 17(a) ). For impermeable interfaces, increasing the strength of transverse dispersion while keeping longitudinal dispersion fixed is always stabilizing (see Figure 22(a) ). The two types of interfaces also exhibit different behavior in the extreme cases in which there is only longitudinal dispersion or only transverse dispersion. For permeable interfaces, the flow is more stable with only transverse dispersion for mild diffusion, but flows with only longitudinal dispersion are more stable for strong diffusion (see Figure 17(b) ). For impermeable interfaces, flows with only transverse dispersion are always more stable than the ones with only longitudinal dispersion (see Figure 22(b) ).
In order to have a more direct comparison of the stability of the flow with dispersion and each type of interface, the maximum value of σ versus k is plotted for permeable interfaces and for impermeable interfaces at three different times and for two different Peclet numbers (Figure 23 impermeable interfaces. This is due to the fact that the viscous profile is becoming less steep. However, flows with permeable interfaces are more stable than those with impermeable interfaces at all times. Recall from Figure 15 that in the absence of mechanical dispersion, permeable interfaces are more stable for strong diffusion. When dispersion is present, permeable interfaces gain an advantage for even milder diffusion (compare the top right of Figures 15 and 23(a) where Pe = 1000).
VI. SUMMARY
The work presented here is of fundamental interest to basic fluid mechanics of multi-layer flows and has direct relevance to many industrial processes including enhanced oil recovery. In this work, the effect of diffusion and mechanical dispersion of polymer on the stability of multi-layer porous media flows for two different boundary conditions, corresponding to permeable and impermeable interfaces, is investigated. The linear stability equations are derived and the numerical results are presented and critically analyzed. In particular, for each of the two types of interfaces numerical data are used to determine the dependence of the absolute growth rate (flow instability) and of the dynamics of local (modal) instabilities on diffusion and mechanical dispersion. Some parameters, such as the capillary number and the ratio of interfacial tensions, remain fixed for all simulations (recall Ca = 10 −3 , K * = 10 −4 , T 1 /T 0 = 1). Although these parameters have an effect on stability, the main goal of this study is to explore the effects of molecular diffusion and mechanical dispersion on flow stability. All of the qualitative trends and conclusions which are discussed appear to remain unchanged for different values of these parameters. These results have bearing on the design of "smart" interfaces that will be most stabilizing to flow and thus most desirable in cases where it matters such as in enhanced oil recovery.
We first look at the behavior of the growth rate, σ, when the concentration of polymer is held fixed at the interfaces (permeable interfaces). We obtain the following results: (i) diffusion is stabilizing, that is, it decreases the growth rate (see Figure 4) ; (ii) diffusion favors steeper viscous profiles (see also Figure 4 ); (iii) diffusion stabilizes short waves more than long waves (see Figure 7) . For viscous profiles (see the top of Figure 4 (b)) that are dominated by short wave instability in the absence of diffusion (see Figure 5 (c)), there is a turning point (see Figure 4(b) ). The short (long) wave instability dominates for diffusion that is milder (stronger) than that corresponding to the turning point; (iv) mild diffusion can lead to almost complete stability of the flow provided an optimal viscous profile is chosen (see Figure 10(a) ). The optimal profile is typically more steep when diffusion is stronger (see Figure 10(b) ).
We then proceed to numerically study the growth rate when there is no flux of polymer through the interfaces (impermeable interfaces). In contrast to the case of permeable interfaces, the viscous profile is time-dependent and tends toward a constant viscosity middle layer. Diffusion again has a stabilizing effect (see Figure 11(a) ). Unless diffusion is very mild, increasing the strength of diffusion is not optimal for later times since it causes the viscous profile to approach its constant limit more quickly. For any given time t > 0, there is some optimal Peclet number that minimizes the maximum value of the growth rate (see Figure 13(a) ).
Next, we provide a comparison of the stability for permeable and impermeable interfaces (see Figure 15 ). Increasing the strength of diffusion has a much more drastic stabilizing effect when the interfaces are permeable than when they are impermeable. However, if diffusion is mild and the viscous profile is steep, impermeable interfaces offer an advantage because the profile becomes less steep with time which reduces the instability due to the viscous gradient in the middle layer. Therefore, permeable interfaces provide greater stability when diffusion is relatively strong or when the viscous profile is not very steep, but impermeable interfaces are more stable for mild diffusion and steep viscous profiles.
We then investigate the effect of dispersion on the stability of the flow. For permeable interfaces, dispersion has a stabilizing effect (see Figure 16 ). However, this effect is dependent on the relative strength of longitudinal dispersion and transverse dispersion. Strong longitudinal (transverse) dispersion has the effect of stabilizing long (short) waves. Therefore, longitudinal (transverse) dispersion has a greater stabilizing effect for flows in which the long (short) wave instability dominates (see Figure 19 ).
When the interfaces are impermeable, dispersion is stabilizing for short waves and destabilizing for long waves (see Figure 21) . Therefore, dispersion is not always stabilizing (see Figure 20) . In contrast to permeable interfaces, transverse dispersion is more stabilizing than longitudinal dispersion for any value of Pe (see Figure 22(b) ).
We then compare the effect of dispersion for the two types of interfaces by considering isotropic dispersion for each with the same initial viscous profile. Permeable interfaces are found to be more stabilizing, in some cases significantly more stabilizing, than impermeable interfaces, even for cases of mild diffusion (see Figure 23 ).
VII. CONCLUSION
There are several key findings of this paper which can be used to suppress the instability of three-layer porous media flows in applications like enhanced oil recovery. First, diffusion of polymer in the middle layer triggered by infinitesimal instabilities has a stabilizing effect on the flow for both permeable and impermeable interfaces. In general, this stabilizing effect is greater when the interfaces are permeable. In fact, when the interfaces are permeable the flow is almost completely stabilized by mild diffusion if the optimal viscous profile is chosen. This optimal viscous profile is steeper when diffusion is stronger. When the interfaces are impermeable the stabilization due to diffusion is not as much as in the permeable case. This is partly due to the fact that the viscous profile is time-dependent in this case and strong diffusion causes the viscous profile to more quickly approach its constant viscosity limit. Diffusion does not affect waves of all wavelengths the same. In general, diffusion stabilizes short waves more so than long waves. This leads to a "turning point" Peclet number (where short and long waves have the same growth rates) in the graphs of σ max versus 1/Pe (see Figures 4 and 11) . When diffusion is milder than that at the turning point, short waves are more unstable and when diffusion is stronger than the turning point, long waves are more unstable.
Mechanical dispersion also has an effect on the stability of the flow. When the interfaces are permeable, dispersion stabilizes the flow. This effect, coupled with the strong stabilizing effect of diffusion, leads to very nearly stable flows for permeable interfaces. When the interfaces are impermeable, dispersion is sometimes stabilizing and sometimes destabilizing, which is a surprising result (see Figure 20) . This depends on whether long or short waves are most unstable, which depends on both the strength of diffusion and the viscous profile.
For most realistic values of the parameters, flows with permeable interfaces are more stable than the corresponding flows with impermeable interfaces. If, in addition to designing the proper interfaces, the fluid in the middle layer has an optimal viscous profile and the strengths of diffusion and dispersion are not very mild, three layer porous media flows can be completely stabilized, even though less viscous fluids are driving more viscous fluids. Capillary number and the ratio of interfacial tensions have little effect on the key results. T 0 = interfacial tension at the leading interface T 1 = interfacial tension at the trailing interface
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APPENDIX: NUMERICAL METHOD
Throughout Secs. IV, V B, and V C, the eigenvalues of (29) and (32) and the corresponding equations with mechanical dispersion are computed numerically. The precise nature of the spectra of these operators is an open problem and worthy of future analytical study. In this section, we describe the pseudo-spectral Chebyshev method used to solve the eigenvalue problems, followed by a finite difference method used to verify the results and some verification results.
Pseudo-spectral Chebyshev method
In order to numerically compute the eigenvalues, we use a pseudo-spectral method. We first describe the method and then its application to our specific problem. For a more detailed treatment and proofs of convergence rates, see Refs. 3 and 31.
Let T n ( y) denote the nth Chebyshev polynomial, which can be defined in terms of trigonometric functions as
The Chebyshev polynomials satisfy the orthogonality condition
where C 0 = π and C n = π 2 for n 0. Additionally, the Chebyshev polynomials form a complete set with respect to the weight function w( y) =
In order to use this expansion to solve our eigenvalue problem, we approximate the solution as the finite sum of the first N + 1 Chebyshev polynomials
In order to optimize the rate of convergence, we evaluate these at the extremal values of the Chebyshev polynomials (the Gauss-Chebyshev-Lobatto points), which are given by
Using these points, T n ( y j ) = cos ( n jπ N ) . In order to solve an eigenvalue problem, we also need an expansion for the derivatives of f . We write the kth derivative of f as
Using the change of variables y = cos(θ) and (A1), we get T n ( y) = cos(nθ). Therefore
Using some trigonometric identities in (A7), we arrive at the recurrence relation
In general, for k ≥ 1, the kth derivative satisfies the recurrence relation
We may use this relation to build differentiation matrices in the following way. Let a = {a 0 , . . . , a N } T where the a i 's are the coefficients from (A4). Let D 0 be an (N + 1) × (N + 1) matrix such that the entry in row i and column j is given by
We denote the kth differentiation matrix by D k . Using (A8), we can recursively build D k from D k−1 using
Then, for any k ≥ 0, D k a = f k where f k = { f (k) ( y 0 ), f
( y 1 ), . . . , f
( y N )} T . For an explicit example of a MATLAB program that builds these matrices, see Schmid and Henningson, 26 pp. 491-492. With these matrices, we can solve the eigenvalue problems (29) and (32) (and the equivalent problems with dispersion). Here, we only describe the method for (29) since it is easily adaptable to the other system of equations. Recall Equation (29) 
)D
)D )D
)D x 0 . Then we have the generalized eigenvalue problem Aa = λBa. However, we must also enforce the boundary conditions. As in Schmid and Henningson, 26 p. 489 we use the first, second, second to last, and last rows of our matrices to do it. The boundary conditions of (29) We solve the generalized eigenvalue problem using MATLAB's "eig" command.
Finite difference method
In order to validate the pseudo-spectral Chebyshev method described above, we give a finite difference method which can be used to solve the eigenvalue problems. Here, we provide the method for the Equation (32) (permeable interfaces without mechanical dispersion) and use it for a comparison with the pseudo-spectral method in Subsection 3 of the Appendix.
We can rewrite Equation (32) 
The four boundary conditions for f in terms of σ are
The stability problem is then defined by (A13) and (A14). This problem is discretized over the domain (−1, 0) using N + 1 uniformly spaced nodes with uniform step size d = 1/N. Therefore, the discretization points are given by x i = −1 + i/d for i = 0, . . . , N. We use first order accurate approximation for the end point derivatives and second order approximation for the interior point derivatives, namely,
Using the finite difference approximations in the boundary conditions given in Equations (A14) leads to
which are rewritten as
− µ x µ(−1)
− k
